In this paper, the authors investigate the iterated exponent of convergence of zeros of f
Introduction
In this paper, we assume that readers are familiar with the fundamental results and standard notation of Nevanlinna's theory of meromorphic functions (see [, ] ). First, we introduce some notations. Let us define inductively, for r ∈ [, ∞), exp  r = e r and exp j+ r = exp(exp j r), j ∈ N . For all sufficiently large r, we define log  r = log r and log j+ r = log(log j r), j ∈ N ; we also denote exp  r = r = log  r and exp - r = log  r. Moreover, we denote the linear measure and the logarithmic measure of a set E ⊂ [, +∞) by mE = E dt and m l E = E dt/t respectively. Let f (z), a(z) be meromorphic functions in the complex plane satisfying T(r, a) = o{T(r, f )} except possibly for a set of r having finite logarithmic measure, then we call that a(z) is a small function of f (z). We use p to denote a positive integer throughout this paper, not necessarily the same at each occurrence. In order to describe the infinite order of fast growing entire functions precisely, we recall some definitions of entire functions of finite iterated order (e.g., see [-]). Definition . The p-iterated type of an entire function f (z) with  < σ p (f ) = σ < ∞ is defined by
Definition . The p-iterated order of a meromorphic function f (z) is defined by
Definition . The finiteness degree of the iterated order of an entire function f (z) is defined by
Especially, if ϕ(z) = z, the p-iterated order exponent of convergence of fixed points of f (z) is defined to be
If ϕ(z) = , the p-iterated exponent of convergence of zero-sequence of f (z) is defined to be
Definition . The p-iterated exponent of convergence of distinct zero-sequence of f (z) -ϕ(z) and the p-iterated exponent of convergence of distinct fixed points of f (z) are respectively defined to be
, then the finiteness degree of the iterated exponent of convergence of zero-sequence of f (z) -ϕ(z) is defined by
(.)
Remark . From Definitions . and ., we can similarly give the definitions of λ p (f ),
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where a =  is a complex number.
Theorem E [] Let A(z) and B(z) be entire functions with finite order. If
and for any entire function
be entire functions of finite order and satisfy one of the following conditions:
The main purpose of this paper is to improve Theorem E from entire coefficients of finite order in (.) to entire coefficients of finite iterated order. And we obtain the following results.
Theorem . Let A(z) and B(z) be entire functions of finite iterated order satisfying
σ p (A) < σ p (B) < ∞ or  < σ p (A) = σ p (B) < ∞ and  ≤ τ p (A) < τ p (B) ≤ ∞. Then for every solution f ≡  of (.) and for any entire function ϕ(z) ≡  satisfying σ p+ (ϕ) < σ p (B), we have (i) λ p+ (f -ϕ) = λ p+ (f -ϕ) = λ p+ (f -ϕ) = λ p+ (f -ϕ) = σ p+ (f ) = σ p (B); (ii) λ p+ (f (j) -ϕ) = σ p+ (f ) = σ p (B), j > , j ∈ N.
Theorem . Let A(z), B(z) be entire functions satisfying i(A) < i(B) = p. Then for every solution f ≡  of (.) and for any entire functions ϕ(z) ≡  with i(ϕ) ≤ p, we have
(i) i λ (f (j) -ϕ) = i λ (f (j) -ϕ) = i(f (j) -ϕ) = p +  (j = , , , . . .); (ii) λ p+ (f (j) -ϕ) = λ p+ (f (j) -ϕ) = σ p+ (f (j) -ϕ) = σ p (B) (j = , , , . . .).
Theorem . Under the hypotheses of Theorem
, where a j (j = , , . . . , k) are entire functions which are not all equal to zero and satisfy
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Corollary . Under the hypotheses of Theorem
., if ϕ(z) = z, we have (i) λ p+ (f -z) = λ p+ (f -z) = λ p+ (f -z) = λ p+ (f -z) = σ p+ (f ) = σ p (B); (ii) λ p+ (f (j) -z) = σ p+ (f ) = σ p (B), j > , j ∈ N.
Corollary . Under the hypotheses of Theorem
Remark . Theorem . is an extension and improvement of Theorem E. As for Theorem C, if a = cb ( < c < ), it is easy to see that σ (A  e az ) = σ (A  e bz ) =  and τ (A  e az ) = a < τ (A  e bz ) = b. By Theorem E, for every solution f ≡  of (.) and for any entire function There exists an n  such that for n ≥ n  and for any r ∈ [r n , ( +  n )r n ], we have
, by (.) and Definition ., then for any r ∈ E  , we have
and
Thus, we complete the proof of this lemma.
By Lemma . and the same proof in Lemma ., we have the following lemma.
Lemma . Let f (z) be an entire function with σ p (f ) = σ and ν f (r) denote the central index of f (z). Then there exists a set E  ⊂ [, +∞) with infinite logarithmic measure such that for all r ∈ E  , we have
lim r→∞ log p ν f (r) log r = σ , r ∈ E  . (  .  ) Lemma . [, ] Let A  , A  , . . . , A k- , F ≡  be
meromorphic functions. If f is a meromorphic solution of the equation
then we have the following two statements: Moreover, for any ε > , we have 
Lemma . [] Let f (z) be an entire function of finite iterated order with i(f ) = p. Then there exist entire functions β(z) and D(z) such that
Proof Let f (z) be an entire function of finite iterated order with σ p (f ) = σ . By Definition ., it is easy to obtain that |f (z)| < exp p {r σ +ε } holds for all sufficiently larger |z| = r. By Lemma ., there exist entire functions β(z) and D(z) such that
For any ε > , we have
by Definition ., we have that |D(z)| ≤ exp p- {r
where E  is a set of r of finite linear measure. By Definition . and (.), we obtain the conclusion of Lemma ..
Remark . Lemma . gives the modulus estimation of an entire function with finite iterated order and extends the conclusion of [, p., Lemma ]. 
Lemma . Let f (z) be an entire function of finite iterated order with
Proof L(f ) can be written as
By the Wiman-Valiron lemma (see [, ] ), for all z satisfying |z| = r and |f (z)| = M(r, f ), we have
where E  is a set of finite logarithmic measure. From (..) in [, p.], for any given ε > , we have
holds outside a set E  with finite logarithmic measure, where μ f (r) is the maximum term of f . By the Cauchy inequality, we have μ f (r) ≤ M(r, f ). Substituting it into (.), we have
By Lemma ., there exists a set E  having infinite logarithmic measure such that for all |z| = r ∈ E  , we have
By (.) and Lemma ., for all r ∈ E  -E  and for any ε ( < ε < σ -b), we have
By a similar proof to that in Lemma ., we can easily get the following lemma. 
Remark . The conclusion of Lemma . also holds if τ p (A  ) = ∞.
Lemma . Let A(z), B(z) be entire functions of finite iterated order satisfying
is an entire solution of equation
Proof From (.), we have
By the lemma of logarithmic derivative and (.), we have
If ϕ + Aϕ + Bϕ ≡ , by Lemma ., we have σ p+ (ϕ) = σ p (B), which is a contradiction. Since ϕ + Aϕ + Bϕ ≡  and σ p+ (ϕ + Aϕ + Bϕ) < σ p+ (f ) = σ p+ (g), by Lemma . and (.),
and () We prove that λ p+ (f -ϕ) = σ p+ (f ). Set g  = f -ϕ, then σ p+ (g  ) = σ p+ (f ) = σ p (B) and
